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Two DPP samples

Check out our Python toolbox DPPy!.
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! Gautier, Bardenet, Polito, and Valko, 2019, github.com/guilgautier/DPPy.
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github.com/guilgautier/DPPy
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Integration with DPPs
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RKHSs are spaces of smooth functions with a kernel

» Consider the RKHS F with kernel k, i.e. the completion of

M
{Za;k(x,-,-),l\/lEN,al,...,a,, ER X1, XM E]Rd}.
i=1

for the inner product defined by (k(x,-). k(y,-))r = k(x,y).
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RKHSs are spaces of smooth functions with a kernel

» Consider the RKHS F with kernel k, i.e. the completion of

M
{Za;k(x,-,-),/\/lEN,al,...,a,, ER X1, XM E]Rd}.
i=1

for the inner product defined by (k(x,-), k(y,-))r := k(x,y).

> As an example, consider the kernel on [0, 1] given by

1
ks(x,y) =1+2 % 5 cos(2rm(x — y)),
meN*

where the convergence holds uniformly on [0, 1] x [0,1]. The RKHS
F = F; is the periodic Sobolev space of smoothness parameter s.
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Example: periodic Sobolev spaces
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Figure: The Sobolev kernel, with smoothness parameter s € {1,2}.
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Example: periodic Sobolev spaces
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Figure: A few functions of unit norm in Fs, with s = 1.
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Example: periodic Sobolev spaces
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Figure: A few functions of unit norm in Fs, with s = 2.
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An alternative definition of RKHSs

» Under general assumptions,
Yife /k(x,~)f(x)d,u(x)
is a compact self-adjoint operator on L2(u).

» With slightly more assumptions, there is an orthonormal basis (e,)
of L2(u) NC° and o, — 0 such that,

k(x,y) =Y anea(x)enly),

n>1
where, for any x, the convergence is uniform in y.
> In that case, f € F if and only if _ o, ![(f,e,)|* converges. In

other words,
F 212 ().
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Quadrature and approximation in an RKHS

> Let f € F, g € L?(du) then

N
|/ fgdp — Z w;f (x;)

i=1

N
<NFlF g =D wik(xi, )|
i=1

where
g = / 2 ()k(x, )dpu(x)

is the mean element of g.
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Quadrature and approximation in an RKHS

> Let f € F, g € L?(du) then

N
|/ fedu — Y wif ()

i=1

N
<Nz (g = D wik(xi, -, (1)
i=1

where
g = / g()k(x, )du(x)

is the mean element of g.

» Once the nodes xi, ..., xy are known, minimizing the RHS of (1) in
w boils down to inverting an N x N matrix.
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A DPP for quadrature in RKHSs: first attempt

Remember k(x,y) = _ 5, onen(x)en(y).
Algorithm 1: DPP

> Take K(x,y) = ZnN:1 en(x)en(y).
> Let xq,...,xn ~ 1/N! det[K(x;, x;)] dpe(x1) - . . dp(xw)-

> Solve the linear problem for the weights wy, ..., wy.
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A DPP for quadrature in RKHSs: first attempt

Remember k(x,y) = _ 5, onen(x)en(y).
Algorithm 1: DPP

> Take K(x,y) = 21, en(x)en(y).
> Let xq,...,xn ~ 1/N! det[K(x;, x;)] dpe(x1) - . . dp(xw)-

> Solve the linear problem for the weights wy, ..., wy.

Theorem (Belhadji, Bardenet, and Chainais, 2019)

Assume Y. |(g,en)|* < 1. Let ry = > om, then
m>=N+1

N 0
Nr
]EH/_Lg— E W;k(X,',-)H 20’/\/+1+2 <Nr/\/+ E £|2 <O’1N) )
i=1

=4
N
|
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Volume sampling and tight rates

Volume sampling

> Let xq,...,xy ~ Z Ldet[k(x;, x;)] dp(x1) - .. dp(xn)
» Solve a linear program for the weights wy, ..., wy.
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Volume sampling and tight rates

Volume sampling

> Let xq,...,xy ~ Z Ldet[k(x;, x;)] dp(x1) - .. dp(xn)
» Solve a linear program for the weights wy, ..., wy.

Theorem (Belhadji, Bardenet, and Chainais, 2020)

Under a mild condition on (o,),

2
N
E sup /fdu — Z wik(xi,)| = O(on).
Ifll7<1 ]
» Pinkus, 2012 shows that inf sup inf [lpug — y[% = onq1

YCF ey
dimy=n &l <tY
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Plan

Integration with Coulomb gases
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A Coulomb gas with nonsingular interaction

A new distribution for quadrature nodes

Under conditions on k and V/, consider

1 s )= BN s :
e e 2z KO = R V) dx L d,

X1yeoo s XN
N,Bn
N
N
—1-
- ; ;

(a) By = N3/2
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A Coulomb gas with nonsingular interaction

A new distribution for quadrature nodes

Under conditions on k and V/, consider

1 BN BN N )
e~ anz iz K(Xi) = 2icy VIxi) dxq ... dxy,

Xlyeooy XN
N,Bn
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A Coulomb gas with nonsingular interaction

A new distribution for quadrature nodes

Under conditions on k and V/, consider

1 s )= BN s :
XLy ooy XN~ e o 2 KO0 = 2 V) g L dxy,
N,Bw
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Simultaneous confidence intervals

Theorem (Rouault, Bardenet, and Maida, 2024)
Let By > N. There exists ug, u; > 0 such that for r > uo/m, the event

/ el — / Filn

has probability smaller than exp (—u1Syr?) .

2
sup >r. (2)
Ifll7<1

But we want to integrate w.r.t. a target 7

» Assume 7 has compact support S C B(0, R), and has finite entropy.
> We have py = m if we take e.g.

Ve i — / k(6 y)am(x) + (ly 12 = R Logaom).

» If we approximate V by an MCMC chain of length n, the theorem
remains valid! (Rouault, Bardenet, and Maida, 2025).
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An experiment to validate coverage

Proportion
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Wrapping up

To go further:
» On PPs and quantum optics (Bardenet et al., 2022).
» On PPs and DPPs (Hough, Krishnapur, Peres, and Virdg, 2006).
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