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Abstract

We introduce compositional tensor trains (CTTs) for the approximation of multivariate func-
tions, a class of models obtained by composing low-rank functions in the tensor-train format.
This format can encode standard approximation tools, such as (sparse) polynomials, deep neural
networks (DNNs) with fixed width, or tensor networks with arbitrary permutation of the inputs,
or more general affine coordinate transformations, with similar complexities.

Formally, a CTT u is defined by linear operators L : Rd → Rp and R : Rp → Rdo called
respectively lift and retraction, and a univariate basis Φ = {ϕj : R → R}nj=1, such that

u(x) = R ◦ (Id+ψL) ◦ · · · ◦ (Id+ψ1) ◦ L(x),

where ψk are tensors in the Tensor-Train format [6].

This format can be viewed as a DNN with width exponential in the input dimension and
structured weights matrices. Compared to DNNs, this format enables controlled compression
at the layer level using efficient tensor algebra.

On the optimization side, we derive a layerwise algorithm inspired by natural gradient descent [1],
allowing to exploit efficient low-rank tensor algebra. The natural gradient descent tries to mimic
the update in the functional space by an update in the parameter space. In the case of L2

functions, this update simplifies to

θk+1 = θk − αkG(θk)
†∇θL(θk),

where G(θ)ij := ⟨∂θiuθ, ∂θjuθ⟩ is the Gram matrix and L : Θ → R is a loss function e.g.
L(θ) = 1

2∥uθ − v∥2L2 .

In the case of CTT, the Gram matrix G can be stored efficiently due to the Tensor-Train format
and its inherit low-rank format. Computing the update direction can be done using algorithms
such as alternating linear scheme (ALS) [3]. However, the Gram matrix associated to each layer
ℓ may have a bad condition number, so that ALS without preconditioning may show a slow
convergence and yield a highly suboptimal low-rank approximation of the update direction.

A well-established approach to mitigate this issue is to approximate Gℓ with a low-rank sur-
rogate. In particular, the randomized Nyström method [5, 7, 2, 4] achieves this by projecting
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Gℓ onto a randomly generated, low-dimensional subspace. In the context of this work, the
Gram matrix Gℓ is a linear operator acting on tensor spaces, and so we can compute random
projections using a tensor-structured sketch efficiently. The key advantage of this Gaussian
sketching approach is that, with high probability, the span of the sketch captures the domi-
nant eigenspace of Gℓ Viewing the format as a discrete dynamical system, we also derive an
optimization algorithm inspired by numerical methods in optimal control.

Numerical experiments on regression tasks demonstrate the expressivity of the new format and
the relevance of the proposed optimization algorithms.

The Figure 1 shows the performance of the optimizer for a recovery problem where the TT ranks
have provably high. Moreover, by computing layerwise updates, the optimizer is faster than the
state of the art solvers.

100 101 102 103

Iteration

10−13

10−10

10−7

10−4

10−1

102

R
el

at
iv

e
L

2
er

ro
r

NGD

Adam

LBFGS

Figure 1: Convergence plot for the optimizers Adam, NGD and L-BFGS for a recovery problem,
in log-log scale, for dimensions d = 4.

We also studied the effective condition number κℓ(θ) := ∥Gℓ(θ)∥2→2∥Gℓ(θ)
†∥2→2 during the

optimization. Experiments show that the Gram matrices become highly ill-conditioned during
optimization, with condition numbers κℓ ranging from 106 up to 1014. In fact, the condition
number increases rapidly, reaching values around 1013 after approximately 20 iterations. Ini-
tially, directions associated with small eigenvalues play a useful role by guiding the optimizer
toward a good configuration. However, as the solution approaches optimality, these directions
contribute progressively less to the reduction of the loss.

Finally, we applied the randomized method to the recovery problem and studying the conver-
gence behavior for various sketching sizes. We have observed that retaining a rank-30 approxi-
mation of the Gram matrix is sufficient to achieve convergence to an optimal solution, which is
less than half of the total eigendirections.

Overall, CTTs combine the expressivity of compositional models with the algorithmic efficiency
of tensor algebra, offering a scalable alternative to standard deep neural networks.
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